Geodesic registration methods have been used to solve the large deformation registration problems, which are hard to solve with conventional registration methods. However, analytically defined geodesics may not coincide with anatomically optimal paths of registration. In this paper we propose a novel and efficient method for large deformation registration by learning the underlying structure of the data using a manifold learning technique. In this method a large deformation between two images is decomposed into a series of small deformations along the shortest path on the graph that approximates the metric structure of data. Furthermore, the graph representation allows us to estimate the optimal group template by minimizing geodesic distances. We demonstrate the advantages of the proposed method with synthetic 2D images and real 3D mice brain volumes.
Introduction
The problem of registering two images is particularly challenging in the presence of large deformations between the images, as in the case of growth in pediatric studies or pathological changes. Registration between two very different anatomies is difficult mainly for two reasons. First, an objective function such as mean-squared error (MSE) or mutual information (MI) is a highly nonlinear function of the deformation variable f , and therefore the optimization process is often trapped in a local minimum. Second, the uncertainty about the oneto-one correspondences in the images makes the optimization problem ill-posed. Although regularization on the final deformation f is commonly used to remedy the situation, the regularization alone cannot guide the variable f to an optimal path of registration. Geodesic registration methods have been proposed to cope with these challenges. In the framework of [1, 2] , the optimal deformation path f (x, t) is computed by solving the Euler-Lagrange equation: images. The length of the geodesic path is defined as a weighted sum of the intensity difference and the smoothness measure of the velocity field v:
When all images are in the single orbit of diffeomorphisms, the quantity g provides the dataset with a true metric structure. Registration methods which are based on this numerical integration of the geodesics provide improvements in the large deformation problems [3, 4] . However, the increase in the computational costs can outweigh the benefits of geodesic registration methods for certain problems. More importantly, these methods calculate geodesics on the manifold of diffeomorphic transformations, most of which do not represent valid anatomies. One ideally wants to calculate geodesics on the manifold of all transformations that represent true biological variations, which unfortunately cannot be represented analytically. We aim to achieve this goal by learning this manifold from the data. In this paper, we approximate the shortest path on the continuous space of diffeomorphisms by the shortest path on a k-nearest-neighbor(kNN) graph that approximates the metric structure of underlying data manifold. A large deformation that maps an anatomy to another, is decomposed into a series of small deformations along the path on the graph. This means that the large deformation actually progresses through a series of small deformations between the anatomies in the data. Since only nearby images need to be registered to each other, a simple registration algorithm suffices to solve the difficult registration problem. We will call this approach a pseudo-geodesic registration method, because the registration is restricted to the paths on the assumed manifold of the data.
The advantages of the proposed registration method include the following:
1. Learning of anatomical manifolds: Our method computes the geodesics on the manifold of the actually observed anatomical variations from the data, instead of the infinite-dimensional manifold of diffeomorphisms.
Efficient computation:
Our method solves a large deformation problem by using simpler and faster algorithms such as the Diffeomorphic Demons algorithm [5] which we use for pairwise registrations. 3. Visualization: Our method provides a low-dimensional characterization of the data structure by flattening the learned manifold. 4. Automatic template selection: The optimal template is chosen with a criteria consistent with the pseudo-geodesics, instead of being solved iteratively as in [4, 3] . 5. Meta-registration: Our approach is flexible to the choices of registration cost or an algorithm as its components.
The examples in Figure 1 demonstrate the accuracy of the proposed approach achievable with the same registration method that fails to find optimal solutions when used directly without the pseudo-geodesic paths.
Related Work. The pseudo-geodesic path relies on the learning methods for discovering the empirical manifold of data instead of numerical methods of solving ODEs on an analytic manifold of shapes. In our method we adopt the Isomap algorithm [6] to compute and visualize the manifold structure of data, which was originally proposed for nonlinear dimensionality reduction of high-dimensional data. Several authors have proposed the learning-based methods for template selection and visualization of the data [7, 8, 9] . Although their goals are different from ours, these methods build the models of data by pairwise registration of multiple images similarly to our method. However, those works lack the counterpart the pseudo-geodesics which is the key to the computational efficiency of the proposed method in this paper. The remainder of the paper is organized as follows. Section 2 describes the proposed algorithms in detail, Section 3 illustrates the application of the algorithm to 2D and 3D image databases, and Section 4 concludes the paper.
Pseudo-geodesic Registration
In this section we provide the algorithmic details of the pseudo-geodesic registration. The overall registration procedure consists of three stages which are described in the following three subsections. First, we analyze the data structure by coarse registrations between all image pairs. From this we find a kNN graph structure and a low-dimensional embedding of the data. In the second stage, we choose a template automatically from the graph structure, and identify the pseudo-geodesic paths from the template to the other samples. In the third stage, we compute the final large deformation by composing small deformations between adjacent images along the paths.
Throughout the paper, let's assume the dataset I consists of n images I 1 , ..., I n , and each image is a nonnegative real function on a 2D or a 3D domain Ω.
Construction of Empirical Manifolds
In the first stage we construct the empirical manifold of data by investigating its metric structure. For this purpose we represent the data as a graph whose vertices correspond to the image samples. Below is the summary of the required steps.
1. Perform a coarse registrations between all pair of images. The minimum of the registration cost function between I j is I i after registration is considered the length d ij of the edge e ij . 1 2. Construct a connected kNN or -NN graph based on the edge lengths. 3. Find the pseudo-geodesics (=shortest paths on the graph) between all pairs of vertices, e.g., by Dijkstra's or Floyd-Warshall algorithm. The length g ij of a pseudo-geodesic is the sum of its edge lengths d kl along the path. 4. (Optional) Visualize the Euclidean embedding of the data by solving eigenvalue problems (refer to [6] for details).
One can show that the shortest path length g ij is a valid metric by construction regardless of the properties of the constituent distance d ij . The most timeconsuming part in practice is step 1 which requires O(n 2 ) registrations between all image pairs. To reduce the overhead we perform the registration on the coarse resolution images of the original data, and also use fewer number of iterations than the final registration. This heuristic is justified by the observation that the kNN graph topology does not change much by the approximation.
Automatic Template Selection
An unbiased template of the given data can be defined as the geodesic mean of the data [4, 3] . From the graph derived in the previous section, we can choose a template from the samples that is closest to the pseudo-geodesic mean:
Since we have already computed the geodesic lengths g ij , the template can be chosen by looking-up of the values. Two other alternatives to the mean are the center (I T = arg min i max j g(I i , I j )) and the median (I T = arg min i j g(I i , I j )) of the graph. The three templates look similar in our experiments. We choose the median as the template due to its resilience to outlier samples in the data.
Computation of Large Deformations
We compute the large deformation from the template I T to any node I j by a recursive composition of the small deformations from its edges along the pseudogeodesic path. Let f i,j : Ω i → Ω j denote the deformation field computed from the registration of I j to I i . Given the two fields f i,j and f j,k , we can easily compute the composition field f i,k = f j,k · f i,j : Ω i → Ω k by resampling and interpolation of the two fields. 2 The final deformationf T,j is the refinement on the composed field f T,j by a few additional iterations of registration. This removes the numerical errors accumulated from the composition of deformations. Below we summarize the procedure. Note that we needed only coarse registration results in the previous stages, and this stage is where we actually perform accurate registrations. The step 2 may seem to be a huge computational burden at first since the number of all the edges in a graph can be a large as n 2 . In fact, we only need to update the registration for n − 1 edges, that is, no more than the number of direct registration for a conventional approach. This is due to property of the graph that the shortest paths from the template to the rest forms a spanning tree. Furthermore the registration converges faster since the two adjacent images are similar by construction.
Discussion
The proposed registration method is motivated by the Isomap algorithm, which proves that a true geodesic on a convex set can be approximated by a path on the kNN graph connecting the data samples. Due to the finite number of samples, the pseudo-geodesic is different from the numerically integrated geodesic in general. Moreover, the different choices of the neighborhood size k in kNN yield different graphs and therefore different paths. However, we can show that the final large deformations are robust to the these approximations: two different pseudo-geodesic paths between the common image pair result in the same final deformation as long as each step of the paths is smooth enough to avoid any local minimum of registration.
Experiments

Synthetic Images
The data consist of 60 binary images of size 140 × 140 which simulate a patch of a cortex varying in shape and the number of folds. We use an ITK [10] version of the Diffeomorphic Demons [5] for registration due to its efficiency. Images are registered with three levels of resolution (10 × 10 × 10) and the smoothing kernel size of 1.5. Figure 2 shows the two-dimensional Euclidean embedding of the synthetic database and a few examples of pseudo-geodesic paths. The registration results are shown in Figure 1 . For comparison we perform the direct registration of all images to the template without following the pseudo-geodesic paths. One can visually confirm the superior quality of the pseudo-geodesic registration results over the direct registration results obtained from the same algorithms and parameters. Table 1 summarizes the final registration errors. For each of the six error criteria, the pseudo-geodesic method achieves smaller error than the direct registration method does.
Fractional Anisotropy Map of Mouse
Next we apply our registration method to a dataset of mouse brains which is collected with the aim of creating a normative atlas of a developing mouse brain. The data consist of 69 Fractional Anisotropy volume of the brains sampled at 2,3,4,7,10,15,20,30,45, and 80 days of age. Each volume is resized to 150×150×100 and affinely aligned. We also use the Diffeomorphic Demons method for pairwise registration, with two levels of resolution 15 × 10 and with σ = 1.0. The images in this dataset not only have a larger number of voxels than the synthetic data, but they are more challenging for registration due to their large shape and appearance variations from different ages and the degrees of maturation of tracts. The two-dimensional embedding of the data in Figure 3 (left) provides a glimpse of its manifold structure. From the figure we can observe that the major variability of the data comes from the age. The importance of the age factor is also observed in Figure 3 (right): a path that connects two brain images of different ages passes through brains of intermediate ages in a monotonic fashion. These findings are consistent with our prior knowledge of the database. Table 2 summarizes the final registration errors. The MSE of the pseudo-geodesic method is slightly worse but comparable with the MSE of the direct method. However, the harmonic energy and the Jacobian determinants are significantly lower in the pseudo-geodesic method. One possible interpretation is that the pseudo-geodesic method can achieve the similar level of intensity difference as the direct method but with a much smoother deformation.
Conclusion
In this paper we propose a novel method of performing a large deformation registration. The most distinguishing feature of the method is that it computes the geodesics on the manifold of the observed anatomical variations from the data, instead of computing the geodesics by solving ODEs. Furthermore, the learned manifold provides a visualization of the data structure and allows us to choose an optimal template among the samples. We describe an meta-registration algorithm to efficiently compute large deformations, which can use a large class of registration algorithms as a component. The experiments have their caveats but show promising results. We are currently testing the algorithms on a number of other image databases. A comprehensive study will be reported in the near future.
